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Abstract 

In Poincare gauge theory of gravity and in Poincare gauge theory of gravity, 
we give the necessary and sufficient condition in order that the Schwarzschild space- 
time expressed in terms of the Schwarzschild coordinates is obtainable as a torsionless 
exact solution of gravitational field equations with a spinless point-like source having 
the energy-momentum density (x) = —Mc^6^6q'^6^^\x). Further, for the case 
when this condition is satisfied, the energy-momentum and the angular momentum 
of the Schwarzschild space-time are examined in their relations to the asymptotic 
forms of vierbein fields. We show, among other things, that asymptotic forms of 
vierbeins are restricted by requiring the equality of the active gravitational mass 
and the inertial mass. Conversely speaking, this equality is violated for a class of 
vierbeins giving the Schwarzschild metric. 



1 Introduction 

There have been many attempts to describe gravity by gauge theory, among which we 
have Poincare and Poincare 0] gauge theories. The former, which shall be written as 

*e-niail: kawaiSsci . osaka-cu. ac . jp 
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PGT in short, is formulated by the requirement of invariance of the theory under the local 
Poincare transformations. In this theory, the Poincare group does not work as a gauge 
group in the sense of Yang-Mills theories. Poincare gauge theory (PGT) is formulated on 
the basis of the principal fiber bundle over the space-time possessing the covering group 
Pq of the Poincare group as the structure group, by following the lines of the standard 
geometric formulation of Yang- Mills theories as closely as possible, in which the group Pq 
works as the gauge group in the sense of Yang-Mills theories. 

The energy-momentum and angular momentum have been discussed in Ref. for 
PGT and in Refs. and for PGT, in the general framework of the formulations, by 
assuming that the vierbein fields and the Lorentz gauge fields approach their asymptotic 
values sufficiently rapidly. 

In this paper, we examine these two theories. We study, among other things, the 
following: (1) We obtain the necessary and sufficient condition imposed on parameters 
in gravitational Lagrangian density in order that the Schwarzschild space-time expressed 
in terms of the Schwarzschild coordinates is obtainable as a torsionless exact solution 
of the gravitational field equations with a spinless point-like source located at the origin. 
(2) For the case for which this condition is satisfied, the energy-momentum and the angular 
momentum of the Schwarzschild space-time are examined in their relations to asymptotic 
behaviors of vierbein fields, and conditions for vierbeins to give the equality of the active 
gravitational mass and the inertial mass are obtained. 

2 Preliminary 

We briefiy summarize the basics of Poincare gauge theory and of Poincare gauge theory 
for the convenience of latter discussion. 

2.1 Poincare gauge theory 

In this theory, the space-time is assumed to be a differentiable manifold endowed with 

the Lorentzian metricQ g^^dx^ ® dx^ . Here, {x^\ /i = 0, 1, 2, 3} is a local coordinate of 

^In our conventions, the middle part of the Greek alphabet, fj,, i', X, . . ., refers to 0,1,2 and 3, while 
the initial part, a,P,"f, . . ., denotes 1,2 and 3. In a similar way, the middle part of the Latin alphabet, 
i, j, fc, . . ., means 0,1,2 and 3, unless otherwise stated. While the initial part, a, b,c, . . ., denotes 1,2 and 3. 
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the space-time. Fundamental gravitational field variables are vierbeins = e^^djdx^ 
and Lorentz gauge potentials A'^'^. For the duals — e^^dx*^ of the vierbeins, we have 
9nv — ^^T]ki^ V with {r]u) ^ diag(— 1, 1, 1, 1). The covariant derivative of the field </? 
belonging to a representation a of the Lorentz group is given by 

D^^ = e\ [d^^ + '-J^\M,^^ , (2-1) 

where M;^ =^ —ia^iMij^)- Here, {Mim-, l,m — 0, 1, 2, 3} is a basis of the Lie algebra of the 
Lorentz group satisfying the relation 

[MkhMmn] = -VkmMin-VlnMkm + VknMim + VlmMkn: (2-2) 

Mki = -Mik, (2-3) 

and (T* stands for the differential of a. 

The field strengths of e'^^ and of A'^'^ are given by 

= 6^i6''^((9^e^j^ — di.e''^) + e^jA*"^^ — e^^^A'"'^^ , (2-4) 
r>kl p/i ('a 4*:' _ 4*;' _i_ 4*: 4i' _ 4*^ 4i^ ^ ^9.^;^ 

respectively. The gauge potentials A^'' ^ and the affine connection coefficients F^^ are related 
through the relation 

A, ^ n.e'A + ' (2-6) 

and we have 
with 

= - r::. , = 9.r;;^ - d,v^^^ + ri:,r:^ - f^!/:, . (2-8) 

The components T'^^^ and are those of the torsion tensor and of the curvature tensor, 
respectively, and they are both non-vanishing in general. 

The field components e^^^ and e^^^. will be used to convert Latin and Greek indices. Also, 
raising and lowering the Latin indices are accomplished with the aid of (77*^') =^ {'nki)~^ and 
{riki), respectively. 
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For the matter field (p, LM{f, Dkf) is a Lagrangian^ invariant under local Lorentz 
transformations and general coordinate transformations, if LM{f,dk<f) is an invariant La- 
grangian on the Minkowski space-time. 

The gravitational Lagrangian, which is invariant under local Lorentz transformations in- 
cluding also inversions and under general coordinate transformations and at most quadratic 
in torsion and curvature tensors, is given by 



Lg = Lt + Lr + aR (2-9) 



with 



Lt = at^^'^^tum + lSv^Vk + ia^ak, (2-10) 

T — f „ Aklmn a i „ rjklmn rj 

J^R — Ci/i ^Hmn + C2-D IJklmn 

+CsC''^^^CMmn + C,E^' E^l + cd^'hl + Cgi?' • (2-11) 

In the above, a,P,'y,Ck {k = 1,2, ■■■,6) and a are real constants. Also, tijk,Vk and 
are irreducible components of the field strength Tkim, and Akimn, Bkimn, Cfc/mn, E^i, hi and 
R are irreducible components of the field strength Rkimn- These components are given 
explicitly in Appendix 0. Then, 

I^^-Jld^x (2-12) 

is the total action of the system, where c is the light velocity in the vacuum and L is 
defined by 

L = V^[Lg + Lm(<^, Dkip)] (2-13) 

with g =^ det(5'^i,). The parameter a is fixed to be a = 1/2k = c'^/lOvrG, which we shall 
assume to hold in this paper, by the requirement that the theory has the Newtonian limit. 
Here, k and G stand for the Einstein gravitational constant and the Newton gravitational 
constant, respectively. 

When the torsion is vanishing, Tkim = 0, the field equations SL/Se^ ^ = and SL/SA^^^ 
= reduce to^ 

2aG,,{{}) + (3C2 + 2c,) + 



^From now on, Lagrangian density is simply called Lagrangian. 

■^The theory has the Newtonian limit, also when ^ = oo (A: = 1, 2, • • • , 6) and a + 4/3 + 9a/3K 
— 0. We do not deal with this extreme case in the present paper. 

4 A def \ / A A \ 

^...[fe. ..(]... — 2\^- k---l--- " ^■■■l---k...)- 
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7^V^JRmn{{})) " (2C2 + C5 - 4C6)i?({ }) (i?,, ({ }) - -r^,,i?({ }) ) = T,, , (2-14) 



(3c2 + 2c5) V[,G',]fc({}) + (C2 + C5 + 4c6)r/,[,a,]G'({}) = -S,,k , (2-15) 

respectively. Here, Tij and S'jjfc are the energy-momentum and spin densities of the source 
field (f, respectively. They are defined by 

def 1 SLm , X 

= (2-16) 



S^jk - --j=ek^^^ (2-17) 

def 



with Lm = ^/--qLm- Also, Gij{{}) and G{{}) stand for the Einstein tensor and its trace, 
respectively: 

= RrA{}) - \n^M{}) , G{{}) "^v'^GM) , (2-18) 

where we have defined 

R-M) = eV,i?V.({}) , R{{]) = v''R^m (2-19) 
with the Riemann-Christoffel curvature tensor 



2.2 Poincare gauge theory 

This theory is formulated on the basis of the principal fiber bundle over the space- 
time possessing the covering group Pq of the proper orthochronous Poincare group as the 
structure group. The fundamental field variables are the translational gauge potentials 
A^^, the Lorentz gauge potentials A^'- Higgs-type field ip = {ip''} and matter field ip. 
This theory is different from Poincare gauge theory in various respects, among which the 
following is remarkable: 

(A) There is the non-dynamical Higgs-type field ip = {ip'^} playing key roles in the formu- 
lation. Its existence is a necessary consequence of a basic postulate on the space-time 
manifold and of the structure of the group Pq- Also, ip is directly related to the ex- 
istence of a subbundle which gives a spinor structure on the space-time, and the 
spinor structure is built in as a sub-structure of the formulation. Its field equation is 
automatically satisfied, if those of A^^ and of ip are both satisfied. 
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(B) Dual components e*^^ of vierbeins are related to the field ip and the gauge potentials 
A^^, A^^ ^ through the relation 

e\ = d,^^ + A\^i} + A\ . (2-21) 

The components e^^ are invariant under internal translations. 

(C) The field strength i?*^^^ of is given by 

^ ^iv — 9fiA''j^ — duA''^ + A'^i^AI — A^ij^A^^ , (2-22) 
and we have the relation 

= R\. + R\,u^' ■ (2-23) 
The field strengths T^^^ and -R'^'^j, are both invariant under internal translations. 

(D) A nonintegrable phase factor describes both of the motions of a point and of a vec- 
tor. 0] 

(E) Generators of internal Poincare transformations and of affine coordinate transforma- 

tions depend on the choice of the set of independent fields variables, i.e., generators 
for the case when {ip^ ^ A^^, ^) V^} is chosen as the set of independent field variables 
are different from the corresponding ones for the case when {ip^, e^^, ^} is cho- 
sen instead. When {ip^, A^^, ^'^'^) is employed as the set, we have the following: 
For suitable asymptotic forms of field variables at spatial infinity, the conserved total 
energy-momentum and the total {=spin+ orbital) angular momentum of an isolated 
system are obtained as the generators of the internal Poincare transformations, and 
the generators of the general affine coordinate transformations vanish. [|, |] 

(F) It admits the possible existence of matter fields having non-vanishing "intrinsic" 

energy-momentum (=the quantum number associated with the internal trans- 
lation), 1^ and the covariant derivative of the matter field if takes the form 

Dk^ = e\ [d,^ + ^A'™ M.^y, + lA^P^^^ , (2-24) 

in general. 

(G) An extended new general relativity is obtained as a reduction of the theory. 
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The invariance of the action integral under internal Pq gauge transformations requires 
the gravitational Lagrangian to be a function of T^im and of Rkimn, and the gravitational 
Lagrangian agrees with that in PGT. Hence, gravitational field equations take the same 
forms in these theories. 



3 Schwarzschild space-time 

By Schwarzschild space-time, we mean a space-time having the vanishing torsion and the 
Schwarzschild metric which has the expression 

ds^ = - (^1 - ^) (dxy + (l - ^) (drf + [{def + sin^ 9{dcPY] , (3-1) 

in the Schwarzschild coordinates (x^,r,6,(j)). Here, tq is the Schwarzschild radius tq = 



, . , , ' 

^2 



2GM/c with M being the active gravitational mass of the central gravitating body. A 
static chargeless mass point with the active gravitational mass M is considered to produce 
the Schwarzschild space-time, and the energy-momentum density of the gravitational 
source is expected to have the expression 

f;{x) = -Mc\\'^6'~'\x). (3-2) 

Both in PGT and in PGT, the Schwarzschild space-time is obtainable as an exact 



solution of the gravitational field equations with Sijk = and (x) =^ y/^e^^e^^Ti 



kl 



-Mc^5^5q''5^^\x), if 5 and only if 

3c2 + 2c5 = = C5 + 12c6 , (3-3) 

as we shall show below. Since Tkim = for this space-time, the curvature Rijmn agrees 
with the Riemann-Christoffel curvature Rijmn{{}), and it is given by 

1 h' ( h" lh'\ a;(")a;(^) 

i?(0)(a)(0)(fe) = i?(0)(a)(0)(6)({}) = "T^— ^(a)(6) + + 



2 r - y-'^"' ■ y 2 ■ 2 r / 

R{0)ia)(b){c) = -R(0)(a)(fe)(c)({}) = 



^In Ref. 1^, the following has been shown: (1) For a gravitational source with Sijk = 0, any solution of 
the Einstein equation is also a solution of the gravitational field equations in PGT, if the condition ( |3-3D is 
satisfied. (2) The gravitational field equation 6L/dA^^^ = contains third derivatives of the metric tensor, 



unless the condition (3-3) is satisfied 
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h 

^(a)(fe)(c)(d) = Ria)(b)(c)id){{}) = {Sia){c)Sib)id) " 5(a)(d)'5(fe)(c)) ^ 



+ 



(b)id) 



mc) 



+ ^2 '^ww 



(a)(d) 



2 r 



(3-4) 



with /i =^ To/r, where we have written Lorentz (Latin) indices in parentheses. Substituting 
Eq. ( P-4|) into the field equation (P-14|) , we obtain: 



2a ( - + 4 ) + (3c2 + 2c5 



+ (2C2 + C5 -4c6 



h" h'\ h" (h' h\ h 



h' h 



h" h' 
— +- I + I 



= T„ 



-2a 



, . I h" h'\ x"x^ fh" h 



-(3c2 + 2c5) 5/-2 



2 



h" ^ h'\ h" _fh' h' 



+ (2C2 + C5-4C6) 5/-2 



2 r J 2 \ ' ^2 I ^2 



h" h'V fh' h^^ 



2 ^ r 



(3-5) 



We regularize [|TOl the function h = tq/t as r^j^r'^ + e^, in order to make a distribution 
theoretical treatment, then the regularized energy density Tq (x; e) of the gravitational 
source takes the form 

2aroe^ 



To (x;e) 



„2i^^2 _|_ g2^3/2 



A(r;e) 



(3-6) 



Here, we have defined 



A(r;e) 



dcf 



(C2 + C5 + 4c6)ro 
-(3c2 + 2c^)tI 
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4 [j2 _|_ g2^5 ^4(^^2 _|_ g2^3 
J2 



3 e2 



+ 



2(r2 + e2)4 ^2(^2 + e2)3_ 

The first term in the right hand side (r.h.s.) of Eq. ( |3-6| ) has the well-defined limit, 

2aroe^ 



(3-7) 



lim 

£^0 1 f2{j.2 _|_ g2~)3/2 



(3-8) 
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where we have used a = c'^/lGnG. For the second term A(r; e), we have 

/ A(r; eydr = -^{c, + c, + Ac,) / ^ + T^^il9c2 + 35c, + 268c,) , (3-9) 
Jo Jo ^ 1024 



in which the integral in the r.h.s. is diverging. As is known from Eqs. (|3-5| ), (|3-6| ), (|3-8|) 
and (13 -91), we have the hmit 



T;(x) = limT;(x; e) = -Mc'6^%,''6'^'\x) , (3-10) 
if and only if the condition 

C2 + C5 + 4c6 = = 19c2 + 35c5 + 268c6 , (3-11) 



which is equivalent to Eq. ( p-3| ), is satisfied.^ Obviously, the field equation ( p-15| ) with 
Sijk = is satisfied identically, if the condition ( |3-3| ) is satisfied. []T| 



From the above discussion and from the fact mentioned in the footnote on page ^, 
we know that the Lagrangian Lji with the condition ( P-3|) , which we shall employ in the 
following, is favorable in various respects. 

4 Spherically symmetric vierbeins giving the 
Schwarzschild metric 

In view of the fact that the Schwarzschild space-time is asymptotically Minkowskian, 
we choose vierbeins satisfying 

hm e\ = eW^, (4-1) 

r— >oo ^ 

with e'-^'*'^;^ being constants satisfying e^^^'' ^rjkie^^^^ u = rj^^. The general forms of components 
e^^ having spherical symmetry have been given by Robertson, |TT] which can be written as 



= D5^'^\ + E^^ + Fe^^^p-. (4-2) 



^2 ' ' 



^As for energy-momentum densities of the gravitational field, see §5. for PGT and §6. for PGT, respec- 
tively. 
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Here, A, B, C, D, E and F are functions of r = a/ (x^)^ + (x^)^ + {x^^ and of and 
e(a)(fe)(c) stands for the three-dimensional Levi-Civita symbol with e(i)(2)(3) = 1. These give 
the Schwarzschild metric (|3-1| ), if and only if 

A'^-C^ = l-h, AB- C{D + E) = 0, D^ + F^ = 1, 
-B^ + {D + Ef = H-h)-^. (4-3) 



The six functions A,B, - ■ ■ and F are required to satisfy the four relations in Eq. 
Thus, if A and D are fixed, the others are uniquely determined up to the sign. Equations 
41), and (FSl) lead to 



lim A = Aqo , lim D = Doo , 



r— >oo r—>oo 



lim B = lim C = lim E = lim F = (4-4) 

r— >oo r—*oo r— >oo r^oo 

with Aao and Dqo being constants such that 

{A^y = 1 = {D^ f . (4-5) 

From Eq. ( [4 -31) , it follows that 

B{1- h) = AC , {D + E){l-h) = AA , A2 = 1 (4-6) 

with A = A{D + E)- BC. 

In what follows, we shall choose, for simplicity, the gauge of internal Lorentz group in 
a way such that A and hence B and C are independent of [] x". 

In Appendix we give an example of the set of spherically symmetric vierbeins which 
gives the Schwarzschild metric and has a ^^-independent A. 



5 Generators in Poincare gauge theory 

In this section, following Hayashi and Shirafuji, we examine generators of Lorentz 
gauge transformations and of Poincare coordinate transformations in the Schwarzschild 
space-time. We employ, instead of Lq, the following Lq 

Lg = Lg + 2ad,{^g e\e\A'\) . (5-1) 

^This gauge choice is always possible for an arbitrarily given spherically symmetric vierbeins giving the 
Schwarzschild metric. 
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as the gravitational Lagrangian. Thus, the total Lagrangian becomes 

L = Lg + Lm. (5-2) 
The divergence term in the r.h.s. of Eq. ( |5-1| ) is to get reasonable generators, p, ^ and it 



does not affect field equations. 

The canonical energy-momentum M^, the orbital angular momentum L^'^ and the spin 
angular momentum Sij are generators of coordinate translations, of Lorentz coordinate 
transformations and of internal Lorentz transformations, respectively, and they are ex- 
pressed as, 0^ 

(5-3) 
(5-4) 
(5-5) 

with 

, dcf dL . I dL ,1 





def 








J a 




def 


^vp f L,t^ tot J,^^ 








Sij 


def 








J a 




def 




T 







s -.-i;i_,,-4^.,v.i^M.,.. (5.8, 

Here, a and dai, stand for a space-like surface and the surface element on it, respectively, 
and we have defined^ 

V ^ def e- ly r dL^j 



t; S;L,,-"^,p„, (5-9) 



^In general, integrands in representations ( |5-3| ), ( |5-4| ), (5-5), etc. of physical quantities are singular at 
X = and on the horizon r = rg. But, for the case of the example given in Appendix this cause no 
trouble, if K(x''') — constant > 0, For the energy-momentum Af^, for example, this can be confirmed easily 



by using Eqs. (U), (|54^ ), ( |5^ ), - (|^. In what follows, we restrict ourselves to cases such that 



the singularities at a; = and on the horizon r = rg cause no trouble (see also the footnote [III on page 
0). 

^The gravitational energy-momentum density t is not vanishing, even if the condition (|3 3|) is satisfied. 



The integrated gravitational energy-momentum, however, vanishes, when the conditions (3-3) and (5-25) 
are both satisfied. This density does not reduce to the gravitational energy-momentum density employed 
in Ref. even for the case with Ck = (fc — 1, 2, • • • , 6) and with Tkim = for which the relation 
Lg = aR{{}) holds. 
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V def 



dA,. dA'^'x,. '''' 



There is the relation, 

T = T 

which follows from the fact that Lm is a scalar density. Also, we have the identities 



SL 



e\.- 



SL 



where we have defined 



yi ixv uei „ 

ij 



g{0)[M g(0)i^] 



More explicitly, the superpotential ^'^ is expressed as 



where we have defined 



jijvp 



def 1 dL 



R 



'} r>A - ' 



def 



with 



For T,:,^'^ , we have 



^(0)[m (O);.] 



+ 4J,. 



'-ge\e'j-e 

The expression of *q°" and of ^^"^ in terms of A, S, • • • and F is given by 

1 



4a-{l-h 
r 



AD\ hh' x'^ 

— + ?,C2— , 



= 2a [X'B - C'(B + B)] {si - ^-f) - 2ai^ {k + 



15F a; 



h' 



+2a — h 3c2^ 



-e>C2\[A'B-C'{D + E)] 



BD 



51 



+ 



BF 



X 



7 



(5-10) 

(5.11) 

(5-12) 
(5-13) 

(5-14) 



(5-15) 

(5-16) 
(5-17) 

(5-18) 
(5-19) 



(5-20) 
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where we have defined h' =^ dh/dr, A' =^ dA/dr, etc. Also, we have 



^(0)(a) 



2a 



DE 



Oi„\ — 



{D + E)F 



A 



X'- 



Ih' D{D + E) 



2 r 



A 



CO: 



a„(a) 



^{a)(h) 



^ 2 r 

2a + 3c2 — 

r 



1 /i' (£) + E)F 



X 



^ 1 h a;"x('') 



^ e(a)a/3 ^ + ^ ^2 ^2 



BD x(^) 



A 



'(a)- 



5 



\a)al3- 



(5-21) 



5.1 Energy-Momentum 



Equation (|5-3|) can be written as 



M„ 



(5-22) 



with the aid of Eq. (|5-12| ), where dQ stands for the differential solid angle. We can show 
that 



Mn 



IQna lim r { 1 — h — 







AD 



(5-23) 



by the use of Eq. ( ^-201) . We look for the condition imposed on the functions A, B,C, D, E 
and F by the requirement 

= -6^^Mc' , (5-24) 

which implies the equality of the active gravitational mass and the inertial mass. The 
condition ( |5-24| ) is equivalent to 

AD\ ro 



lim r 1 



A 



(5-25) 



If we express A / A^ and D / Doo as 



A h D ^ 



(5-26) 
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then the relation hm,.^oo P = = hm^^oo Q follows. Equation ( p-25| ) is equivalent to the 
condition 

\im r{P + Q + PQ) = 0. (5-27) 



Equation ( p-24| ) agrees with Eq. (5-6) of Ref. 0], which has been obtained for generic 



systems being at rest whole. 



5.2 Angular Momentum 

By virtue of Eqs. ( |5-12| ) and (|5-13|) , Eqs. (|5-4]) and ( ^-51) can be rewritten as 



Sij = I lli^^^r^riadn . (5-29) 



These lead to, upon using Eqs. ( |5-20| ) and ( |5-21| ), 



L"'' = 0, Sij = , (5-30) 
which hold for any A, B, C, D, E and F satisfying the conditions (|4-3| ) and 



6 Generators in Poincare gauge theory 

In this section, on the basis of the discussion in Refs. and , we examine generators of 
internal Poincare transformations and of general affine coordinate transformations for the 
Schwarzschild space-time in PGT. 

6.1 The case when {ijj^ ^ A^^ Lp} is employed as the set of in- 
dependent field variables 

Let us denote the Lagrangians L and Lq expressed as functions of ip^, A^^, ^^^i V ^'^d of 
their derivatives by L and Lg, respectively. For this case, the generator of internal 
translations and the generator Ski of internal Lorentz transformations are ^ the dynamical 
energy-momentum and the total (=spin+orbital) angular momentum, respectively, and 
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they are expressed as 



Ski — ^ / ^"^Sf^l'da^ 

J a 



with 



tot^ def dL . dL 



+ — Pk^ + 



tot Q ^^ 
°kl — 



IJ-v def 



i dL 



dAK ., ' 



dcf 



^ def 
— 



Also, there are the identities 



+ ~ ^ki 



8A^\ ■ 2 

The functions and Fj,, have the expressions 



1^ y 



k{e'^^'e\,-e'^e'\^,)+e\e^^V\^, , 



kl 



with 



O T [''''1 , TP I 

[M''] def 1 C^ii? 



2 9^^^ 



Oa - Oq 

The expressions of i^(o) of F^^^^^ in terms of ^4, • • • and F are given by 

Oa .if, D\ x"^ 



(6-1) 

(6-2) 

(6-3) 
(6-4) 

(6-5) 
(6-6) 

(6-7) 
(6-8) 



(6-9) 
(6-10) 



dry 1 r^°)r°' ( IB., 



+2aF [^'S - C"(D + E)] e(„ 



(a)a/3" 



(6.11) 
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For ijj^i , we nave 



2a 



A 



(F^ - DE) 



-3c 



h'D{D + E) 
r A 

A 

2 x'^x'-'*-' 











^ f 




r V 





{D + E)F 



A 



-e(a)a/3- 



X^ 



+ 



/i' (D + E)F 
r A 



-e(a)a/3- 



+2a — C- 



+ [A'B-C'{D + E)]Fe^a)af3 — 



!^[A'B - C\D + E)]D 



1 

r A 



a„(a) 



V^(0) 



Oo 



^(a)(fe) 



2a + 3c2 — 



BE 



BD ( x^'') 



A 



x^x^^-* 



A" 



X 



(a) 



2 x^x'-'^^ 



2a — C 



, ,2 +[A'B-C'{D + E)]Ee,^)^,- 



x^ 



6.1.1 Energy-Momentum 

By using Eq. ( |6-11| ) and the expression 



Oa 



which follows from Eqs. (|6-1| ) and ( |6-7|) , we can obtain 



M, 



(0) 



IGvra lim r ( A 



D 
A 



M, 



(a) 



(6-12) 



(6-13) 



(6-14) 



We have the relation = e^^^'^j^M^ for generic space-times satisfying suitable asymp- 

totic condition. Here, is the energy-momentum vector of the total system, which 
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agreesQ with the canonical energy-momentum in PGT given by Eq. ( |5-22| ). In view of 
this, we require the relation 

Mfc = -e^'^^Mc^S;" , (6-15) 
following the requirement ( |5-24|) in PGT. This is equivalent to 



lim r ( — — ) = — . (6-16) 



n A 



If we express A j A^o and D j D^o as 



^ l-^ + U, -^ = l + V, (6-17) 



Aoo 2 

then the relation limr^oo f/ = = lim^^oo ^ follows. Equation ( |6-16|) is equivalent to the 
condition 

lim r(t/ - = . (6-18) 

r— >c» 

6.1.2 Angular Momentum 

As is known from Ref. 0], the angular momentum in PGT depends on the asymptotic 
behavior of the field and the following 

^ e^o^^^x'^ + + 0(l/r^) , (6-19) 
,1}^^^ = e^^^\ + 0(l/ri+^) , (6-20) 

is quite natural, which we shall assume in this paper. Here, and (3 are a constant and 
a positive constant, respectively, and ©(l/r") with positive n denotes a term for which 
r"0(l/r") remains finite for r — > oo; a term 0(l/r") may of course also be zero. 
The angular momentum Ski is expressed as 



Oo 



Ski = / Sfcz r'n^d^l , (6-21) 



which follows from Eqs. ( |6-2| ) and ( |6-8| ). From Eqs. ( |6-12| ), ( |6-15| ) and ( |6-21| ), we obtain 
the following: 

^(o)(a) = -M(o)^(°\,) = 2V^(°)[(o)M(„)] , (6-22) 

S^am = = 2^W[(,)M(,)] , (6-23) 



^"^In view of this agreement, we use the same symbol Af^ for these two energy-momenta. 
"'^"'^We choose this field to be regular everywhere in the finite region of the space-time. This is possible, 
because the field ^ can be chosen arbitrarily as has been shown in Ref. Q| . 
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when the conditions ( |6-18| ) and 

U = 0{l/r^) (6-24) 
are both satisfied. Equations ( |6-22D and ( |6-23| ) show that 5*^; agrees with the orbital 



angular momentum 0] around the origin of the internal space R^. These equations agree 
with Eq. (5-8) of Ref. IQ, because the first term in the r.h.s. of this equation vanishes for 
the Schwarzschild metric. 

6.1.3 Canonical Energy-Momentum and "Extended Orbital Angular Momen- 
tum" 

The generator M"^^ of coordinate translations and the generator of GL^A, R) coordinate 
transformations are the canonical energy-momentum ancQ the "extended orbital angular 
momentum" , respectively. They have the expressions 

K = ['"'T^da., (6-25) 
V = / M-'da, , (6-26) 



where we have definedj^ 



'-'T: L6; - I^F,''A\^ + F,rA\, + + 1 ^ (6-27) 

= -2(x--T;-0 (6-28 



with 

*;' = ^.'X + ^/X- (6-29) 
From Eq. ( |6-25| ) and the identity 



A\-^A"+»'i:^a,9:\ (6-30) 



the expression 

M'^ = I ^;"rWdn , (6-31) 



^^Note that the anti-symmetric part L^^^,] L^^^ijx^^ is the orbital angular momentum. 

^■^The energy-momentum density of the gravitational field is defined by the r.h.s. of Eq. ( 6-27 ) with L 



being replaced with Lc- This density does not give vanishing energy-momentum when it is integrated 
over a space-like surface. 
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is obtained. By evaluating the r.h.s. of this, we obtain 

M^^ = , (6-32) 

when the condition 

hm rU = . (6-33) 



r^oo 



is satisfied. For LJ^, we have 



L - = -2 / x'^'^'n^dQ , (6-34) 



which follows from Eqs. (|6-26|) and ( |6-30 ). By evaluating the r.h.s. of this, we obtain 



Lo° = 0, L; = 0, /i^i/, (6-35) 
when the conditions (|6-18| ) and ( |6-33| ) are both satisfied. Also, we have 

= L,^ = L,' = 0, (6-36) 

if the conditions ( |6-33| ) and 



U' = 0(l/ri+^) (6-37) 

with 7 being a positive constant are both satisfied. It is also known that the orbital angular 
momentum L^^^] vanishes if the condition (|6-24 ) is satisfied. 



6.2 The case when {il)^,e'^^,A'^^^,if} is employed as the set of in- 
dependent field variables 

Let us denote the Lagrangians L and Lq expressed as functions of ip^, e''^, A^^ ip and of 
their derivatives by L and Lg-, respectively. 

For the dynamical energy-momentum M^, we have 



Mk= h°'f^^da^ = {) (6-38) 

J a 



with 

totnh M def dL . dL 



+ i-—P,^ = 0. (6-39) 
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The generator Ski of internal Lorentz transformations is expressed as 

o def / tot c ^ 



with 



tot Q dei 
'-'kl — 



Also, we have the identity 



2^^iPn - 2 



dL 



de 



mi/,fi 



(6-40) 



(6-41) 



I Itot ^ = 1 A y 



with 



^ki - "^^AM +'^'^ V fl'e fcC , e 



Equation ( |6-40D can be rewritten as 

Ski = 



(6-42) 



(6-43) 



(6-44) 



with the aid of Eq. (|6-42| ). The integrand in Eq. (|6-44|) agrees with that in Eq. ( |5-29|) , and 
it follows that 

Sh = Ski = 0, (6-45) 
which holds for any A, B, C, D, E and F satisfying the conditions ([4 -31) and ( ^^) . 



The canonical energy-momentum M'^^ is expressed as 



def 



(6-46) 



withQ 



Ls; 



dL 



dL 



e A,, + 



dL 



dL 

dip^ 



(6-47) 



There is the identity 



^k _^kl tot J. _ o ^ 



-e ,, — 



6eK ^ dAf'K 



PL 5 



(6-48) 



^"'The energy-momentum density of the gravitational field is defined by the r.h.s. of Eq. (|6-47| ) with L 
being replaced with Lq- This density agrees with that of PGT, if the "intrinsic" energy-momentum Pk of 
the field is vanishing. 
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where we have defined 



^ .A def _dl^ k dL ,1 



From Eqs. (I^), (|7D, (|42D, ( |646|) , (|648D and ( |649D , we can show that 



M". = . (6-50) 



When the requirement ( p-24| ) is imposed, the functions A, B, C, D, E and F agree with as 



those in the case of PGT. 

The "extended orbital angular momentum", which is the generator of GL(4, R) coor- 
dinate transformations, has the expression 

V = / M:'da, (6-51) 

J a 

with 

M;' -2 (x^ - *;^) . (6-52) 



The integral in Eq. (|6-51| ) is evaluated to give 



f def ? ;\ „ 

J^ltMu] = J^[^ rjxu] = U , 

= hm S^_^i:lE£ + 3c,ro[A'B - C'{D + , (6-53) 

the first of which implies that the orbital angular momentum is vanishing. We have 

= L,' = = , (6-54) 

if 

P = -4^' - 4^' -^h^ + Z (6-55) 

23 2^2^ ^ ^ 

with Z satisfying Z = 0(l/r^) and lim^^oo ^^^-2^' = 0. 

7 Summary and comments 

The results obtained in 553~6 can be summarized as follows: 
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Both in PGT and in PGT, the Schwarzschild space-time expressed in terms of the 
Schwarzschild coordinates is obtainable as a torsionless exact solution of gravitational 
field equations with a spinless point-like source located at the origin, if and only if 
the condition (|3-3|) is satisfied. This and the fact mentioned in the footnote on page 



show that the Lagrangian Ljj with the condition (|3^ ) is favorable in various respects. 



2. Spherically symmetric vierbeins ( [4 ■21 ) have been considered by choosing the gauge of 
internal Lorentz group in a way such that the function A is independent of x^. 

3. For PGT, the equality of the active gravitational mass and the inertial mass is satis- 
fied, if and only if the condition ( |5-25| ), which is equivalent to Eq. ( |5-27|) , is satisfied. 
Also, the spin angular momentum 5*^; and orbital angular momentum L'^'^ both vanish 
for any A, B, C, D, E and F satisfying the conditions ( ^4-3| ) and ( [4-5| ). 

4. For PGT, generators depend on the choice of the set of independent field variables. 

(A) The case when {ip^, A^^, A'''- ^, ip} is employed as the set of independent field 
variables. 

For this case, dynamical energy- momentum M^, which is the generator of inter- 
nal translations, has the expression (|6-15|) ,P| if the condition (|6-16|) (or equiv- 
alently the condition (|6-18| )) is satisfied. For the total angular momentum Ski, 
we have Sm = 2-?/'*^°)[^M;], if the conditions ( |6-18| ) and ( |6-24| ) are both satisfied. 
This shows that the total angular momentum of this space-time is only the or- 
bital angular momentum around the origin of the internal space R^, which is 
quite reasonable because this space-time is a static spherically sjTumetric one 
with a static spinless point-like source. The canonical energy-momentum M'^^ 



vanishes, if the condition (|6-33| ) is satisfied. The "extended orbital angular mo- 
mentum" vanishes, if the conditions ( |6-33D and ( |6-37D are both satisfied. 
Thus, reasonable energy-momentum and angular momentum are obtained as 
the generators of the internal Poincare transformations and the generators of 
general affine coordinate transformations vanish, if the conditions ( |6-18| ), ( |6-24| ), 
( |S-33[ ) and ( |6-37| ) are all satisfied. 

—Alc^S^f gives the 



^^Remind the paragraph just below Eq. (6-14) and note that the relation 
equality of the active gravitational mass and the inertial mass. 
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(B) The case when {ip^, e*^^, A^'-^, ip} is employed as the set of independent field 
variables. 

For this case, the dynamical energy-momentum Mk identically vanish, [^] and 
also the spin angular momentum Sm and the orbital angular momentum 
both vanish for any A, B, C, D, E and F satisfying the conditions ([4 -31) and 
( [4 -SI ). The canonical energy- momentum M^^ agrees with the energy-momentum 
in PGT, and the active gravitational mass is equal to the inertial mass, if 
the condition ( ^-25 ) is satisfied. The "extended orbital angular momentum" 
vanishes, if the condition (|6-55|) is satisfied. 

Finally, we would like to add several comments: 



[1] In general relativity, the same expression as ( p-2|) has been obtained|10] for the energy- 
momentum density of the source of the Schwarzschild space-time. Thus, the grav- 
itational field of this space-time can be interpreted to be produced by a point-like 
particle with mass M located at a; = 0. The regularization scheme employed is 
crucial in giving this result. [|1^] In the present paper, we have developed our discus- 
sion on the premise that this interpretation and the regularization scheme are both 
applicable also to PGT and to PGT. 

[2] For the Schwarzschild space-time, the Lorentz gauge potentials A''^^ agrees with the 
Ricci rotation coefficients A*^'^, and the results given in §5. and in §6. show that 
reasonable energy-momenta and angular momenta are obtainable, even if the condi- 
tion I, i 

= O (^) , A^'^,(„) = O (-1^) , m = 1, 2, a > , (7-1) 



or the weaker condition 



with M^^^ being a constant and 



L'', = 0(^) , ^^M=0(^) , - = 1,2, (7-3) 



are not satisfied. Here, A'^'^^^-j, for example, denotes the m-th order partial deriva- 
tive of A'^' with respect to x^. 
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[3] As we have seen in the summary, the requirement that the active gravitational mass 
is equal to the inertial mass restricts the behavior of the vierbeins at spatial infinity. 
The physical meaning of vierbeins violating this equality is not yet clear. In this 
connection, it is worth mentioning the following: (1) There is a similar situation also 
in new general relativity. |jl2|, [1^ (2) Also in the framework of general relativity. 



the equality of the active gravitational mass and the inertial gravitational mass is 
violated for the Schwarzschild metric expressed with the use of a certain coordinate 



system. [0 



[4] Discussions in §5. and in §6. present us with a test of definitions of energy- momenta and 
of angular momenta introduced in Ref. |0 and in Ref. [Q, and the results summarized 
in 3. and in 4. support them. 

A Irreducible components of Tkim and of Rumn 

Irreducible components of Tkim and of Rkimn are the following: 

(A-1 
(A-2 
(A-3 

(A-4 

(A-5 

(A-6 

(A-7 

(A-8 
(A-9 



tklm 


def 


11 1 
-{Tklm + Tikm) + - {VmkVl + r]mlVk) - -r]klVm , 

2 b o 


Vk 


def 


rpl 

^ Ik ' 




def 


rplmn 
'T^f^klmnJ- i 



■^klmn 


def 


"^{Rklmn ~\~ Rkmnl ~\~ Rknlm ~\~ Rlmkn ~\~ Rlnmk ~\~ R 





def 


-{Wklmn + Wmnkl — Wknlm — Wlmkn) , 


Cklmn 


def 


-{Wklmn — Wmnkl) , 


Ekl 


def 


1 

-^{Rkl — Rlk) , 


Ikl 


def 


-{Rki + Rlk) — -^VkiR , 


R 


def 


v'^Rki 



■mnkl I 



with 



^^klmn Rklmn ^ {VkmRln ~l~ VlnRkm VknRlm VlmRkn) 
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+ ^{VkmVln - VlmVkn)R , (A- 10) 



Rkl = V"^"" R-kmln ■ (A-H) 



B Vierbeins giving the Schwarzschild metric 

Vierbeins having the expression (|4-2|) are fixed by the functions A, B, C, D, E and F . We 



write down here an example of the set of A, 5, ■ ■ ■ and F which gives the Schwarzschild 
metric: 

A = ±(^l-| + J/i-^ , (B-1) 

C = -l + h, F=Vl-D^ , (B-3) 

B = (B.4) 

E = ±^^-D (B.5) 

with the double signs in the expressions for B and E in same order.[^ Also, u, J and K 
are a real constant, a non- negative real constant and a non- negative real valued function 
of respectively. 

The function A in the above is independent of and we have the following: 

A = ±1 , (B-6) 
Aoo = ±1 , if and only if J = or u; > , (B-7) 
L>oo = ±1 , if and only if K = or > , (B-8) 



where the double signs in Eq. (B-6), Eq. ( |B-7D and Eq. ( [B-8| ) are in same order as those 



in Eqs. (|B-4|) and ( P-5|) , Eq. (P-l|) and Eq. (P-2|) , respectively. The restrictions imposed 
on u, J and K by the asymptotic conditions ( |5-27|) , (|6-18| ), (|6-24|) , ( p-33|) , ( |6-37|) , etc. are 
easily known. 
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